Abstract -Recent theoretical work on the critical behavior of vesicles and membranes is reviewed.
I. Introduction
Membranes such as lipid bilayers are very thin and highly flexible sheets of molecules which exhibit many fascinating and unique properties. On length scales which are large compared to the size of the molecules, these membranes can be regarded as 2-dimensional surfaces embedded in 3-dimensional space. The behavior of these surfaces leads to a variety of critical phenomena.
First, consider a free segment of a lipid bilayer in aqueous solution. In order to prevent any contact between the hydrocarbon chains of the lipid and the water, a sufficiently large segment.wil1 form a closed surface or vesicle. As discussed in Sect. 11, these vesicles can undergo continuous or discontinuous shape transformations. Some of these transformations have been recently observed by light microscopy. In solution, a membrane undergoes thermally excited undulations or shape fluctuations. These fluctuations can be characterized by the roughness exponent C which describes their scale invariance. For polymerized membranes, the value of this exponent is somewhat controversial. As explained in Sect. 111, we have recently found C = 112 from scaling arguments and Monte Carlo (MC) simulations while previous simulations of tethered networks gave C = 0.64 * 0.04. The latter value for C would imply that the shear modulus is scale-dependent and goes to zero on large scales. In contrast, our MC data are consistent with a finite shear modulus. Next, consider a vesicle which interacts with an attractive surface. It can then undergo shape transformations (i) between two different free states, (ii) between a free and a bound state, and (iii) between two different bound states, see Sect. IV. Adhesion can also lead to topological changes of the vesicle such as vesicle rupture and vesicle fusion.
The adhesion of membranes is strongly affected by their shape fluctuations. Indeed, these fluctuations renormalize the interaction of the membranes. As a result, the system may undergo an unbinding transition. The critical behavior at such a transition depends, to some extent, on the details of the interaction potential. However, for sufficiently short-ranged potentials, the transition should be continuous both for fluid and for polymerized membranes, see Sect. V.
Shape transformations of vesicles
Vesicles formed by lipid bilayers exhibit many different shapes which can be transformed into one another by changing, e.g., the osmotic conditions or the temperature. Most of the experimental work on these shapes involves relatively complex systems containing, e.g., charged lipids or additional solutes such as sugar. It has been recently shown, however, that even a relatively simple binary system, consisting of a single lipid (DMPC) where X, C O , P, and C are the bending rigidity, the spontaneous curvature, the difference between the outside and the inside pressure, and the lateral tension, respectively. For a given set of parameters, the most relevant vesicle state is the ground state, i.e., the state of lowest energy. It is important to realize that one may choose different sets of independent parameters which correspond to different statistical ensembles. Indeed, the model (2.1) involves three pairs of conjugate variables, namely (i) P and V, (ii) B and A, and (iii) CO and M I 4 b~ (Cl+C2). One variable out of each pair can be taken as an independent parameter. We have systematically studied two different ensembles /2/: (i) The (V,A,CO) -ensemble which is equivalent to the spontaneous curvature model introduced by Helfrich /3,4/, and (ii) The (V,A,M) -ensemble which is identical with the so-called bilayer coupling model /5,6/. For both ensembles, we have made a detailed calculation of the phase diagram, i.e., we have determined the variation of the ground state with a change of the independent parameters. /2/ Several features of the phase diagrams are qualitatively different for the two ensembles; in particular, shape transformations are usually continuous in the bilayer coupling model while they are typically discontinuous in the spontaneous curvature model.
In the experiments on giant DMPC vesicles, the shape transformations were induced by changing the temperature which effectively changes the volume to area ratio. Three different routes have been found and analysed in detail /l/: (i) Transformations from a symmetric dumbbell to an asymmetric pear-shaped state and back to a symmetric dumbbell, see Fig We have found that all of these shape transformations can be explained theoretically within the bilayer coupling model provided one assumes that the two monolayers of the lipid bilayer exhibit a small difference in their thermal expansivities. /l/ Thus, we were able to calculate the experimentally observed shapes using only one single fit parameter, y, which measures this asymmetry. The shapes shown in Fig. 1 represent, in fact, theoretical shapes which are, however, indistinguishable from the experimentally observed ones. (upper sequence) From a symmetric dumbbell to an asymmetric pear and back to a symmetric dumbbell; (middle sequence) Budding, i.e., the expulsion of a small vesicle from a larger one; and (lower sequence) From a discocyte to a stomatocyte shape. The shapes axe axisymmetric with respect to the broken line.
Shape fluctuations of membranes
Vesicles undergo thermally excited shape fluctuations which can be directly observed in the light microscope. In this way, one can probe shape fluctuations with wavelengths of the order of the vesicle radius which is typically 1-10 pm. It is important to realize, however, that there are many more length scales involved in the shape fluctuations. Indeed, the smallest wavelength of the membrane fluctuations is set by the size of the lipid molecules which is of the order of a few nm. Thus, the fluctuations are composed of many modes with wavelengths from the molecular size up to the membrane dimension.
The gave the value ( = 0.64 * 0.04 . 114-161 More recently, we have performed MC simulations of the continuum model for a solid-like elastic sheet. 1131 A scaling analysis of these data reveals that the roughness exponent has the value 1 = 112. Some of our scaled data are shown in Fig. 2 . One should note that the rescaled pressure, p, which is used to confine the shape fluctuations in a controlled manner, has been varied over more than 10 decades ! Obviously, the value ( = 112 as found in our work is quite different from the values < = 0.64 * 0.04 as obtained for tethered networks . We have shown that this discrepancy arises from a pronounced crossover 1131: for relatively large bending rigidity or relatively small shear modulus, the small scale excitations of the membrane are characterized by C = 1 as for fluid membranes, and one has to probe undulations beyond a certain crossover scale in order to see the true asymptotic behavior with C = 112. Thus, the values for 1 obtained from previous simulations of tethered networks represent effective exponents which reflect this crossover.
Our result = 112 has important consequences 1131: (i) The partial resummation of perturbation theory performed by Nelson and Peliti /g/ ives, in fact, the correct value of ( . This is quite unexpected ; (ii) It implies that the critical exponent 7 for the shear modulus is zero since 7 = 4C -2 as mentioned. In such a /I P case, the shear modulus could still vanish with a weak logarithmic scale dependence. However, our data do not give any indication of such a logarithmic behavior and thus are consistent with a jnite value of the shear modulus on large scales; and (iii) Shape fluctuations of red blood cells have been experimentally studied for a long time. 117,181 We have argued that the crossover between fluid-like and solid-like behavior of the undulations should be accessible in such flicker experiments.
IV. Adhesion of vesicles
The shape of giant vesicles which adhere to another surface can be experimentally studied by micropipet aspiration techniques. /19/ From a theoretical point of view, this shape is determined by the interplay of adhesion and bending energies. This interplay can be theoretically studied starting from a simple model in which the membrane experiences a contact potential of strength W arising from the attractive surface. /20/ The free energy functional for this model consists (i) of the terms for a free vesicle as in (2.1) and 11) of the area A*.
I'
additional term, -W A*. The latter term represents the adhesion free energy of the membrane wit contact We have determined the phase diagram of this adhesion model both for the (P,A,CO) -ensemble /20/ and for the (V,A,C,) -ensemble 1211. We find that a vesicle attracted to another surface can undergo " shape transformations (i) between two different free states, (ii) between a free and a bound state, and (iii) between two different bound states. Shape transformations for two different values, W, of the attractive potential are shown in Fig. 3 . In both cases, we initially start with the same sphere of area A, . The shape transformations are then induced by a change in area, A, while the volume V is kept constant.
In the limit of strong adhesion, a bound vesicle with constant volume attains the shape of a spherical cap.
In this limit, W is related to the lateral tension C via the Young-Dupre equation, W = C (1 + cos t+beff), where t +bef f denotes an effective contact angle. /20,21/ If the tension C exceeds a certain threshold, Cmax, it will disrupt the membrane. Thus, very strong adhesion with W 2 Cmax will always lead to vesicle rupture.
As a result, the closed vesicle will be transformed into a disk-like membrane segment with a free edge. SO far, isolated vesicles (or disks) have been considered. Now, let us imagine to increase the surface coverage, e.g., by increasing the bulk concentration of the lipid. It will then happen that bound vesicles (or disks) come into contact and fuse. For two fiee vesicles (with P = O), the curvature model predicts that the energy gain from fusion is given by AEfv = 47r (26 + lig) where represents the Gaussian curvature -. modulus. Thus, fusion of two free vesicles is energetically favorable for > -2~. /22/ Quite generally, adhesion acts to increase this energy gain. For example, the energy gain obtained from the fusion of two bound vesicles of identical size, R, behaves as for large R with g E 2.8. 1231 Thus, in this limit, AEbv is positive irrespective of the sign of K~ Therefore, two vesicles can fuse in their bound state even if they cannot fuse in their free state because lig < -2~.
V. Unbinding or adhesion transition
The overall shape of a bound vesicle as discussed in the previous section can be observed through a light microscope. Now, let us imagine to use a microscope with a much larger resolution and let us focus on the region of contact between the vesicle and the second surface. Within this contact region, the two surfaces are separated by a small water gap and experience a variety of direct interactions arising from the intermolecular forces. Quite generally, these direct interactions are renormalized by thermally excited shape fluctuations of the membranes.
The renormalized interaction may be attractive or repulsive at large membrane separation corresponding to a bound or an unbound state of the membranes. These two different states are separated by a phase boundary at which the system undergoes an unbinding or adhesion transition. Such transitions were first predicted on the basis of renormalization group calculations. /8,10/; their existence has been confirmed by Monte Carlo simulations 1241 and by experiments with sugarlipid membranes 1251.
The most interesting behavior is found in the so-called strong fluctuation regime, i.e, for interaction potentials V(9 which satisfy IV(9 I l/lT for large l with T = 2/(. For fluid membranes, this regime contains, for example, realistic van der Waals interactions. First, consider potentials V(l) within this regime which have on151 one minimum at finite (or infinite) l . In this case, the membrane is predicted to undergo a continuous unbinding transition characterized by universal critical exponents. For example, the mean separation, <b, of the membrane from the other surface grows as as the unbinding temperature, T,,, is approached from below. The critical exponent Il, is independent of the -parameters of the direct interaction, and has the presumably exact value $ = 1 for fluid membranes, and the value t+b N 0.69 < 1 for polymerized membranes. /10/ Now, assume that the interaction potential V(l) has a more complicated shape and exhibits two local minima at l = l . and l = m with V($) < V(m). In the absence of shape fluctuations, the membrane is then bound at l = l . : On the other hand, sufficiently strong shape fluctuations should again lead to an unbinding transition from l = l . to l = m . It is not obvious, however, if this transition is first -or second -order, i.e., if <R jumps to infinity or diverges in a continuous manner as in (5.1).
In order to determine the order of the unbinding transition for general interaction potentials, we have recently performed a detailed renormalization group (RG) study in which we have determined all RG fixed points for unbinding transitions. /26/ The fixed point structure exhibits a complex dependence on the decay exponent r = 2/<. This dependence implies that interacting membranes can undergo first -order transitions even in the strong fluctuation regime provided r > rs5! ./26,27/ We have used two different RG --transformations in order to estimate the value of rS3. and found 4 < rS2 < 5 from both schemes. 1261
Therefore, within the strong fluctuation regime, unbinding transitions should alivays be of second -order both for fluid membranes with r = 2 and for polymerized membranes with r = 4. One should note, however, that these results apply to tensionless membranes. In the presence of a lateral tension, membranes are only marginally rough with r = m . /17,28,26/ In this case, the shape fluctuations have a relatively small effect on realistic van der Waals interactions. In fact, these interactions then belong to the mean-field or to the weak-fluctuation regime for which the unbinding transition can be jrst-order for all r ) 2. 1291
